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Abstract
We prove that for every /nite homogeneous e!ect algebra E there exists a /nite orthoalgebra
O(E) and a surjective full morphism E :O(E) → E. If E is lattice ordered, then O(E) is an
orthomodular lattice. Moreover, E preserves blocks in both directions: the (pre)image of a block
is always a block.
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1. Introduction
E!ect algebras (or D-posets) have recently been introduced by Foulis and Bennett
[8] for the study of foundations of quantum mechanics. (See also [17,11].) The pro-
totype e!ect algebra is (E(H);⊕; 0; I), where H is a Hilbert space and E(H) consists
of all self-adjoint operators A of H such that 06A6 1. For A; B∈E(H), A ⊕ B is
de/ned i! A + B6 1 and then A ⊕ B = A + B. E(H) plays an important role in the
foundations of quantum mechanics [18,3].
The class of e!ect algebras includes orthoalgebras [9] and a subclass (called MV-
e!ect algebras or Boolean D-posets or Boolean e!ect algebras), which is essentially
equivalent to MV-algebras, introduced by Chang [4] (see for example [5,1] for results
on MV-algebras in the context of e!ect algebras). The class of orthoalgebras includes
other classes of well-known orthostructures, like orthomodular posets [19] and ortho-
modular lattices [16,2].
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One of the most important results in the theory of e!ect algebras was proved by
Rie'canovIa in her paper [22]. She proved that every lattice ordered e!ect algebra is a
union of maximal mutually compatible sub-e!ect algebras, called blocks. This result
generalizes the well-known fact that an orthomodular lattice is a union of its maximal
Boolean subalgebras. Moreover, as proved in [15], in every lattice ordered e!ect algebra
E the set of all sharp elements forms a sub-e!ect algebra ES , which is a sublattice of
E; ES is then an orthomodular lattice, and every block of ES is the center of some
block of E.
In [13], a new class of e!ect algebras, called homogeneous e5ect algebras was
introduced. The class of homogeneous e!ect algebras includes orthoalgebras, e!ect
algebras satisfying the Riesz decomposition property (see for example [21,14]) and
lattice-ordered e!ect algebras. Every homogeneous e!ect algebra is a union of its
blocks, which are the maximal sub-e!ect algebras satisfying the Riesz decomposition
property.
We prove that for every /nite homogeneous e!ect algebra E there exists a /nite
orthoalgebra O(E) and a surjective full morphism E :O(E) → E. If E is lattice
ordered, then O(E) is an orthomodular lattice. Moreover, E preserves blocks in both
directions: the (pre)image of a block is always a block.
2. Denitions and basic relationships
An e5ect algebra is a partial algebra (E;⊕; 0; 1) with a binary partial operation ⊕
and two nullary operations 0; 1 satisfying the following conditions:
(E1) If a⊕ b is de/ned, then b⊕ a is de/ned and a⊕ b= b⊕ a.
(E2) If a⊕ b and (a⊕ b)⊕ c are de/ned, then b⊕ c and a⊕ (b⊕ c) are de/ned and
(a⊕ b)⊕ c = a⊕ (b⊕ c).
(E3) For every a∈E there is a unique a′ ∈E such that a⊕ a′ = 1.
(E4) If a⊕ 1 exists, then a= 0.
E!ect algebras were introduced by Foulis and Bennett in their paper [8]. Indepen-
dently, Koˆpka and Chovanec [17] introduced an essentially equivalent structure called
D-poset. Another equivalent structure, called weak orthoalgebras was introduced by
Giuntini and Greuling in [11]. We refer to [6] for more information on e!ect algebras
and D-posets.
For brevity, we denote the e!ect algebra (E;⊕; 0; 1) by E. In an e!ect algebra E,
we write a6 b i! there is c∈E such that a ⊕ c = b. It is easy to check that every
e!ect algebra is cancellative, thus 6 is a partial order on E. In this partial order, 0
is the least and 1 is the greatest element of E. Moreover, it is possible to introduce a
new partial operation ; b a is de/ned i! a6 b and then a⊕ (b a) = b. It can be
proved that a ⊕ b is de/ned i! a6 b′ i! b6 a′. Therefore, it is usual to denote the
domain of ⊕ by ⊥. If a ⊥ b, we say that a and b are orthogonal. We write shortly
n:a :=
n times︷ ︸︸ ︷
a⊕ · · · ⊕ a:
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We say that –(a) = max{n : n:aexists} is the isotropic index of a. The isotropic index
of a nonzero element may be in/nite; however, in a /nite e!ect algebra every nonzero
element has a /nite isotropic index. An element a of an e!ect algebra is sharp i!
a ∧ a′ = 0. The set of all sharp elements of an e!ect algebra E is denoted by ES . An
element a 
= 0 of an e!ect algebra is an atom i! x¡a⇒ x = 0. The set of all atoms
of an e!ect algebra E is denoted by At(E).
An e!ect algebra need not be lattice ordered. However, if x ⊥ y and x ∨ y exists
then x ∧ y exists and x ⊕ y = (x ∧ y)⊕ (x ∨ y).
Let E0 ⊆ E be such that 1∈E0 and, for all a; b∈E0 with a¿ b, a  b∈E0. Since
a′ = 1  a and a ⊕ b = (a′  b)′, E0 is closed with respect to ⊕ and ′. We then say
that (E0;⊕; 0; 1) is a sub-e5ect algebra of E. A subset E0 of E is a sub-e!ect algebra
of E i! E0 is closed with respect to both ⊕ and x → x′.
Let E1, E2 be e!ect algebras. A map  :E1 → E2 is called a morphism i! it satis/es
the following condition.
(H1) (1) = 1 and if a ⊥ b, then (a) ⊥ (b) and (a⊕ b) = (a)⊕ (b).
A morphism  :E1 → E2 of e!ect algebras is called full i! the following condition is
satis/ed.
(H2) If (a) ⊥ (b), (a)⊕(b)∈(E1) then there exist a1; b1 ∈E1 such that a1 ⊥ b1,
(a) = (a1) and (b) = (b1).
A bijective, full morphism is called an isomorphism.
Remark. For our purposes, it is natural to consider orthomodular lattices, orthomod-
ular posets, MV-algebras, and Boolean algebras as special types of e!ect algebras. In
the present paper, we will write shortly “orthomodular lattice” instead of “e!ect al-
gebra associated with an orthomodular lattice” and similarly for orthomodular posets,
MV-algebras, and Boolean algebras.
An e!ect algebra satisfying a ⊥ a ⇒ a= 0 is called an orthoalgebra (cf. [9]). It is
easy to see that an e!ect algebra E is an orthoalgebra i! E = ES . An orthoalgebra is
an orthomodular lattice i! it is lattice ordered. A lattice ordered e!ect algebra is an
MV-algebra i! a ∧ b= 0 implies that a ⊥ b (see [1]). The class of Boolean algebras
is the intersection of the classes of MV-algebras and orthomodular lattices. An e!ect
algebra E satis/es the Riesz decomposition property i! u6 v1 ⊕ · · · ⊕ vn implies that
there exist u1; : : : ; un ∈E such that ui6 vi and u=u1⊕· · ·⊕un. An e!ect algebra satis/es
the Riesz decomposition property i! it satis/es the Riesz decomposition property with
/xed n = 2. An e!ect algebra is homogeneous i! u6 v1 ⊕ · · · ⊕ vn6 u′ implies that
there exist u1; : : : ; un ∈E such that ui6 vi and u = u1 ⊕ · · · ⊕ un. An e!ect algebra is
homogeneous i! it satis/es the above condition with /xed n= 2 (see [13, Proposition
2.3]). The class of homogeneous e!ect algebras includes orthoalgebras, lattice ordered
e!ect algebras and e!ect algebras satisfying the Riesz decomposition property (see [13,
Proposition 2.2]).
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Let E be an e!ect algebra. Let C = (c1; : : : ; cn) be an n-tuple of elements of E.
We say that C is an orthogonal word i! the sum c1 ⊕ · · · ⊕ cn exists. We then write⊕
C = c1 ⊕ · · · ⊕ cn. For n= 0, we put
⊕
C = 0. We say that Ran(C) = {c1; : : : ; cn}
is the range of C.
A /nite subset MF of an e!ect algebra E is called compatible with cover in X ⊆ E
i! there is an orthogonal word C = (c1; : : : ; cn) with Ran(C) ⊆ X such that for every
a∈MF there is a set A ⊆ {1; : : : ; n} with a=
⊕
i∈A ci. C is then called an orthogonal
cover of MF . A subset M of E is called compatible with covers in X ⊆ E i! every
/nite subset of M is compatible with cover in X . A subset M of E is called internally
compatible i! M is compatible with covers in M . A subset M of E is called compatible
i! M is compatible with covers in E. An e!ect algebra E is said to be compatible i!
E is a compatible subset of E.
By Rie'canovIa [22], every maximal compatible subset of a lattice ordered e!ect al-
gebra E is an MV-algebra, which is a sub-e!ect algebra of E and a sublattice of E.
On the other hand, every MV-algebra is compatible. Thus, maximal compatible sub-
sets of lattice ordered e!ect algebras coincide with maximal sub-e!ect algebras which
are MV-algebras. Such sub-e!ect algebras are called blocks. In [13], these results were
generalized for the class of homogeneous e!ect algebras. In a homogeneous e!ect alge-
bra, the blocks are maximal e!ect algebras satisfying the Riesz decomposition property.
Similarly as in the lattice ordered case, the blocks in the homogeneous case are exactly
the maximal internally compatible subsets. In the case of a /nite homogeneous e!ect
algebra, every maximal compatible subset is internally compatible (this follows from
the results in [13]), so the peculiarities of internally compatible sets are not important—
the blocks coincide with maximal compatible sets. Moreover, since every /nite e!ect
algebra satisfying the Riesz decomposition property is an MV-algebra (see [6]) and
since every /nite MV-algebra is a direct product of totally ordered /nite MV-algebras,
every block of a /nite homogeneous e!ect algebra is a direct product of totally ordered
MV-algebras.
In every homogeneous e!ect algebra, the set of all sharp elements forms a sub-e!ect
algebra, which is an orthoalgebra (see [13, Section 4]). Moreover, in a lattice ordered
e!ect algebra E, ES is an orthomodular lattice, which is a sublattice of E (see [15]).
An e5ect test space is a pair (X;T), where X is a nonempty set and T ⊆ NX0
(N0 := {0; 1; 2; : : :}), where the following conditions are satis/ed:
(T1) For all x∈X there exists t∈T such that t(x)¿ 0.
(T2) For all s; t∈T, s6 t implies that s = t.
The elements of T are called tests of (X;T) and the elements of X are called out-
comes.
E!ect test spaces in this form were introduced by Gudder [12]. In [6,20], an essen-
tially equivalent notions were introduced and studied. All these de/nitions generalize
test spaces (see [10] or [7]).
Let (X;T) be an e!ect test space. We say that a mapping f ∈NX0 is an event of
(X;T) i! there is a test t such that t¿ f . We say that two events f and g are
(i) orthogonal, in symbols f ⊥ g, i! f + g is an event;
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(ii) local complements, in symbols f loc g i! f + g is a test;
(iii) perspective, in symbols f ∼ g, i! they share a common local complement h.
An e!ect test space (X;T) is algebraic i!, for all events f ; g; h, f ∼ g, g loc h imply
f loc h. For every algebraic e!ect test space (X;T); ∼ is an equivalence relation on
the set of all events. Moreover, the set of all equivalence classes of events can be
organized into an e!ect algebra with a partial binary operation ⊕ de/ned as follows:
if [f]∼ and [g]∼ are equivalence classes of events, then [f]∼ ⊕ [g]∼ exists i! f ⊥ g
and then [f]∼⊕ [g]∼=[f+g]∼. The unit element is the equivalence class of ∼, which
contains all tests, and the zero element is the zero constant map. This e!ect algebra
is called the e5ect algebra of (X;T). It can be proved (see [12]) that every e!ect
algebra E arises as an e!ect algebra of a suitable e!ect test space (X;T), called the
e5ect test space of E, which is constructed as follows: X = E \ {0} and T is the set
of all mappings f ∈NE0 such that supp(f) is a /nite set and
⊕
a∈E f(a):a exists and
equals 1. The tests of the test space of E are called tests of E.
Let E be a /nite e!ect algebra. The atomic e5ect test space of E is the pair
(At(E);T), where At(E) is the set of all atoms of E and T is the set of all tests t
of E such that supp(t) ⊆ At(E).
The events of an atomic e!ect test space of a /nite e!ect algebra E are called
atomic events of E. For an atomic event f of E, we write shortly
⊕
f instead of⊕
a∈At(E) f(a):a. Whenever x∈E and
⊕
f=x, we say that f is an atomic decomposition
of x. It is easy to check that every atomic e!ect test space is algebraic and that the
e!ect algebra of the atomic e!ect test space of a /nite e!ect algebra E is isomorphic
to E. Thus, a /nite e!ect algebra is determined by its atomic e!ect test space.
Example 2.1. Let E={0; a; b; c; d; 1} be a partial algebra satisfying ∀x : x⊕0=0⊕x=x,
a⊕ a= b⊕ b= c, a⊕ b= b⊕ a= d, c⊕ a= a⊕ c= 1, d⊕ b= b⊕ d= 1. In all other
cases, ⊕ is unde/ned. Then E is an e!ect algebra. We have At(E) = {a; b} and the
atomic e!ect test space of E has two tests (see Fig. 1).This is the simplest example
of a nonlattice ordered e!ect algebra.
Fig. 1. A six element e!ect algebra and its atomic e!ect test space.
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3. Atomic eect test spaces of eect algebras and their sharpenings
In this section, we prove that for every /nite homogeneous e!ect algebra E there is
an orthoalgebra O(E) and a surjective full morphism E :O(E) → E. Moreover, both
E and −1E preserve blocks so the structure of O(E) is essentially the same as the
structure of E. Let us start with a useful characterization of /nite homogeneous e!ect
algebras in terms of their atomic e!ect test spaces.
Proposition 3.1. For every 9nite e5ect algebra E, the following are equivalent:
(a) E is homogeneous.
(b) Let u; f be a pair of atomic events such that
⊕
u6
⊕
f6 (
⊕
u)′. Then u6 f .
(c) For every atom a and for every atomic event f such that a6
⊕
f6 a′, a∈ supp(f).
(d) Let f ; g be atomic tests, let a∈ supp(f) ∩ supp(g). Then f(a) = g(a).
(e) For every atom a and every atomic event f such that a∈ supp(f), f(a) = –(a).
Proof. (d)⇒ (c): Since ⊕ f6 a′, there is an atomic event g such that f loc g and
a∈ supp(g). Similarly, since a6⊕ f , there is an atomic decomposition h of ⊕ f such
that a∈ supp(h). Since both f + g and h + g are atomic tests and a∈ supp(f + g) ∩
supp(h+ g), by (d) we obtain (f + g)(a) = (h+ g)(a). Hence f(a) = h(a)¿ 1 and we
see that a∈ supp(f).
(c)⇒ (b): Let us write |u| =∑a∈At(E) u(a). For |u| = 0 we have u = 0 and there
is nothing to prove. Suppose that (b) is valid for all u such that |u| = n. Let u be
an atomic event with |u| = n + 1. Pick a∈ supp(u). Let us denote the characteristic
function of {a} by a. Since
a6
⊕
u6
⊕
f6 (
⊕
u)′6 a′;
the assumptions of (c) are satis/ed. Hence, a∈ supp(f) and a6 f . Obviously,⊕
(u − a)6
⊕
(f − a)6
⊕
f6 (
⊕
u)′6
⊕
(u  a)′:
Since |u − a|= n, we may apply the induction hypothesis to obtain u − a6 f − a.
This implies that u6 f .
(b)⇒ (a): Let u; v1; v2 be such that u6 v1 ⊕ v26 u′. Let u; v1; v2 be atomic decom-
positions of u; v1; v2, respectively. By (b), u6 v1 + v2. It is easy to check that there
exist atomic events u1; u2 such that u16 v1, u26 v2 and u = u1 + u2.
(a)⇒ (d): Suppose f(a)¡ g(a). Let (v1; : : : ; vn) be a sequence of all atoms from
supp(f) \ {a}, such that every atom b occurs in the sequence f(b) times. Then v1 ⊕
· · ·⊕vn exists and v1⊕· · ·⊕vn6 a′. Moreover, since g(a)·a6 1=f(a)·a⊕v1⊕· · ·⊕vn,
we obtain a6 (g(a) − f(a)) · a6 v1 ⊕ · · · ⊕ vn. Since E is homogeneous, there exist
a1; : : : ; an such that, ai6 vi and a = a1 ⊕ · · · ⊕ an. Since a; v1; : : : ; vn are atoms, this
implies that a= ai = vi for some i. This contradicts the assumption a 
∈ {v1; : : : ; vn}.
The proof of the equivalence of (d) and (e) is left to the reader.
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Corollary 3.2. Let E be a homogeneous e5ect algebra, let w be an atomic event of
E such that
⊕
w∈ES . For every a∈ supp(w), w(a) = –(a).
Proof. Suppose that w(a)¡–(a). Let t be an atomic test such that w6 t. By Propo-
sition 3.1, t(a) = –(a). Therefore, (t − w)(a)¿ 1 and a6⊕(t − w) ⊥ ⊕w. Since
a∈ supp(w), a6⊕w. This contradicts ⊕w∈ES .
By Proposition 3.1, it is easy to see that the e!ect algebra from Example 2.1 is not
homogeneous.
Proposition 3.3. Let E be 9nite homogeneous e5ect algebra, let t be an atomic test
of E. Then
B= {
⊕
f : f6 t} (1)
is a block of E. Moreover, for every block B there is a unique atomic test t satisfying
(1).
Proof. Clearly, B is a /nite compatible set. By Jen'ca [13], Corollary 3.12, there is
a block B0 ⊇ B. Suppose that B0 
= B and let a∈B0 \ B. Since a6
⊕
t = 1 and
B0 satis/es the Riesz decomposition property, a∈ supp(t). This contradicts a 
∈ B, so
B= B0.
Conversely, let B be a block of E. Let t1; t2 be atomic tests of B. If supp(t1)=supp(t2)
then, by Proposition 3.1, t1 = t2. Let a∈ supp(t1), a 
∈ supp(t2). Similarly as above,
a6
⊕
t2 = 1 implies that a∈ supp(t2). This is a contradiction. Thus, B has a unique
atomic test t. It remains to prove that this t is an atomic test of E. Let a be an
atom of B, let x∈E, 0¡x6 a. Let C = (c1; : : : ; cn) be an orthogonal cover of B.
Since 1∈B, ⊕C = 1. Since a is an atom of B, a = ci for some i, say i = 1. Then
C0 = (x; a x; c2; : : : ; cn) is an orthogonal word, which covers B ∪ {x}. Hence B ∪ {x}
is a /nite compatible set and, by the maximality of B, x∈B. Since a is an atom of
B, x = a. Thus, every atom of B is an atom of E and t is a unique atomic test of E
satisfying (1).
Example 3.4. Let E be an e!ect algebra with the atomic test space given by the
following table
By Proposition 3.1, E is homogeneous. By Proposition 3.3, E has three blocks. We
remark that E is not lattice ordered. The Hasse diagram of E can be found in [13].
Let (X;T) be an e!ect test space. Let us construct another pair (XS;TS), where
TS ⊆ NXS0 , called the sharpening of (X;T). The outcome space XS ⊆ X × N is
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given by
(x; n)∈XS i! ∃t∈T: t(x)¿ n:
Every tS ∈TS is constructed from a test t∈T by
tS(x; n) =
{
1 if t(x)¿ n;
0 otherwise:
Note that every tS is just the characteristic function of its support. In what follows, we
simply identify tS with its support, so that, e.g. (x; n)∈ tS means that tS(x; n) = 1 and
tS ⊆ rS means that tS6 rS . Since, for all t∈T and for all a∈X ,
t(a) = max{n: (a; n)∈ tS};
the map t → tS is a bijection.
Proposition 3.5. The sharpening of an e5ect test space is an e5ect test space.
Proof. Let (X;T) be an e!ect test space, let (XS;TS) be its sharpening. Let tS ; rS ∈TS
be such that tS ⊆ rS . Let t; r∈T be tests corresponding to tS ; rS , respectively. For all
a∈X ,
t(a) = max{n: (a; n)∈ tS}6max{n: (a; n)∈ rS}= r(a):
Thus, t6 r. Since (X;T) is an e!ect test space, t6 r implies that t = r. Therefore,
tS = rS .
The following example shows that a sharpening of the atomic e!ect test space need
not be algebraic.
Example 3.6. Consider the following subset of {0; : : : ; 10}2:
E = {[x; y]: 06 x; y6 10 and x + y is even}:
EquipE with a partial addition ⊕ with domain ⊥ given by [x1; y1] ⊥ [x2; y2] i!
x1+x2; y1+y26 10 and for [x1; y1] ⊥ [x2; y2] de/ne [x1; y1]⊕[x2; y2]=[x1+x2; y1+y2].
Then E is an e!ect algebra. It is easy to see that At(E) = {[1; 1]; [2; 0]; [0; 2]}. The
atomic tests of E are
tk([1; 1]) = 2k;
tk([2; 0]) = 5− k;
tk([0; 2]) = 5− k;
where k ∈{0; : : : ; 5}. By Proposition 3.1, E is not homogeneous. Consider the tests
t0S ; t
1
S ; t
2
S . We see that in the sharpening of the atomic e!ect test space of E
{([1; 1]; 1); ([1; 1]; 2)} ∼ {([2; 0]; 5); ([0; 2]; 5)}
and
{([1; 1]; 1); ([1; 1]; 2)} ⊥ {([1; 1]; 3); ([1; 1]; 4)}:
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However,
{([2; 0]; 5); ([0; 2]; 5)} 
⊥ {([1; 1]; 3); ([1; 1]; 4)}:
Let E be a /nite e!ect algebra, let (At(E)S ;TS) be the sharpening of the atomic
e!ect test space of E. We write shortly (E) = (At(E)S ;TS). For an event f =
{(a1; n1); : : : ; (ak ; nk)} of (E), we write shortly
⊕
f = a1 ⊕ · · · ⊕ ak . Let f be an
event of (E), a∈At(E). We say that a occurs in f i! there exists n∈N such that
(a; n)∈ f .
Lemma 3.7. Let E be a 9nite homogeneous e5ect algebra. For all events f ; g of (E)
we have f ⊥ g i5 f ∩ g= ∅ and ⊕ f ⊥⊕ g.
Proof. Suppose that f ∩ g= ∅ and ⊕ f ⊥⊕ g. Let h∈NAt(E)0 be given by
h(a) = |{(a; n): (a; n)∈ f∪˙g}|:
Since
⊕
h exists, there is an atomic test t¿ h. Let us prove that f∪˙g ⊆ tS . Suppose
(a; n)∈ f∪˙g, n∈N. Without loss of generality, we may assume (a; n)∈ f . Since f is an
event of (E), there exists an atomic test r such that r(a)¿ n. Since, by Proposition
3.1 part (d), r(a) = t(a), we have t(a)¿ n, which means that (a; n)∈ tS . Similarly,
(a; n)∈ g implies that (a; n)∈ tS . Thus, f∪˙g ⊆ tS , which means that f ⊥ g.
The opposite implication follows by de/nition of (E).
Lemma 3.8. Let E be a 9nite homogeneous e5ect algebra. For all events f ; g of (E),
we have f loc g i5 f ∩ g= ∅, ⊕ f ⊥⊕ g and ⊕ f ⊕⊕ g= 1.
Proof. By Lemma 3.7.
Lemma 3.9. Let E be a 9nite homogeneous e5ect algebra. For all events f ; g of (E)
such that
⊕
f ∈ES , we have f ⊥ g i5
⊕
f ⊥⊕ g.
Proof. Let
⊕
f ∈ES ,
⊕
f ⊥⊕ g. Suppose (a; n)∈ f∩g. Then a6⊕ f and a6⊕ g6
(
⊕
f)′, which contradicts
⊕
f ∈ES . Therefore, f ∩ g= ∅. By Lemma 3.7, f ⊥ g.
Again, the opposite implication follows by de/nition of (E).
Proposition 3.10. For every 9nite homogeneous e5ect algebra E, (E) is an algebraic
e5ect test space.
Proof. Let f ; g; h be events of (E) such that f ∼ g and f loc h. We shall prove that
g loc h. Since f ∼ g, there is an event u such that f loc u and g loc u. By Lemma 3.8, this
implies f∩u=g∩u=∅, (⊕ f)⊕(⊕ u)=(⊕ g)⊕(⊕ u)=1. This implies that⊕ f=⊕ g.
Similarly, since g loc h and g loc u,
⊕
h =
⊕
u. Therefore,
⊕
g=
⊕
f ⊥⊕ u=⊕ h.
Note that, by Proposition 3.1 part(e), for every atom a of E occurring in a test tS
of (E), we have {(a; 1); : : : ; (a; –(a))} ⊆ tS .
Let us prove that g∩ h= ∅. Assume the contrary and let (a; n)∈ g∩ h. Since g loc u,
(a; n) 
∈ u. Suppose that a occurs in f . Since a occurs in f∪˙u, (a; n) 
∈ u implies
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(a; n)∈ f . This contradicts f loc h. Suppose that a does not occur in f . Since a occurs
in f∪˙h, {(a; 1); : : : ; (a; –(a))} ⊆ h. We have
–(a) · a6
⊕
h =
⊕
u ⊥
⊕
g¿ a:
This implies that a ⊥ –(a) · a, which is impossible.
We have g∩h=∅, ⊕ g ⊥⊕ h and (⊕ g)⊕ (⊕ h)=(⊕ f)⊕ (⊕ h)=1. By Lemma
3.8, this implies that g loc h.
Proposition 3.11. Let E be a 9nite e5ect algebra such that (E) is algebraic. Let
O(E) be the e5ect algebra of (E). Then O(E) is an orthoalgebra and the mapping
E :O(E)→ E given by E([f]∼) =
⊕
f is a surjective morphism.
Proof. Let f be an event of (E). Suppose that [f]∼ ⊥ [f]∼ in O(E). Since (E)
is algebraic, f ⊥ f in (E). By the very de/nition of (E), this implies that f = 0.
Therefore, [f]∼ = 0 and O(E) is an orthoalgebra.
For all events f ; g of (E), f ∼ g implies that ⊕ f=⊕ g. Thus, E is well de/ned.
Since every element of E has an atomic decomposition, E is surjective. Obviously,
E(1O(E)) = 1, since 1O(E) is the set of all tests of (E). Let f ; g be events of (E),
let f ⊥ g. Then there is a test t of (E) such that f∪˙g ⊆ t. Thus ⊕ f ⊥⊕ g and
E([f]∼)⊕ E([g]∼) =
⊕
f ⊕
⊕
g=
⊕
(f∪˙g) = E([f]∼ ⊕ [g]∼):
In the remainder of this paper, we adopt the notations O(E) and E from Proposition
3.11.
Theorem 3.12. For every 9nite homogeneous e5ect algebra E, there is an orthoalge-
bra O(E) and a surjective full morphism E :O(E)→ E.
Proof. Most of this follows by Propositions 3.10 and 3.11. It remains to prove that
E is full.
Let [f]∼; [g]∼ ∈O(E) be such that E([f]∼) ⊥ E([g]∼), that means,
⊕
f ⊥ ⊕ g.
We shall proceed by induction with respect to |f ∩ g|. Suppose |f ∩ g|=0. By Lemma
3.7, f ⊥ g. Suppose |f ∩g|=n+1, n∈N0, let (a; n)∈ f ∩g. Put nf = |{k ∈N: (a; k)∈ f |
and ng = |{k ∈N: (a; k)∈ g|. Since
⊕
f ⊥⊕ g, nf + ng6 –(a). Therefore, there exists
l6 –(a) such that (a; l) 
∈ f ∪ g. Put f1 = (f \ {(a; n)})∪˙{(a; l)}. We have ([f1]∼) =
([f]∼) and |f1 ∩ g|= n, hence we may apply the induction hypothesis.
The following example shows that there exists a non-homogeneous e!ect algebra E
with algebraic (E).
Example 3.13. Let E be the e!ect algebra from Example 2.1. The outcome space of
(E) is
{(a; 1); (a; 2); (a; 3); (b; 1); (b; 2)}:
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The tests of (E) are given by the following table:
It is easy to see that (E) is algebraic. O(E) is an orthomodular lattice with two
8-element blocks, and the blocks of O(E) share one of their atoms.
4. Properties of O(E) and E
The aim of this section is to prove that, for every lattice ordered e!ect algebra E,
O(E) is lattice ordered. We introduce two arrow operators de/ned of the set of all
events of (E). We use them to characterize the perspectivity of events and the partial
order of O(E). We prove that the block structure of O(E) is essentially the same as
the block structure of E. Finally, we prove that for a /nite lattice ordered e!ect algebra
E, O(E) is a lattice.
Let E be a /nite homogeneous e!ect algebra. For every event f of (E), we write
f↑ =
⋃
(a;n)∈u
{(a; 1); : : : ; (a; –(a))}:
By Proposition 3.1, for every test t of (E), t ⊇ f implies that t ⊇ f↑. Hence f↑ is an
event. Dually, we write
f↓ =
⋃
g⊆f ;g=g↑
g:
By de/nition, f↓ is the greatest subevent of f satisfying (a; n)∈ f↓ ⇒ {(a; 1); : : : ;
(a; –(a))} ⊆ f↓. Note that, by Proposition 3.1, for every test t of (E) we have t= t↑.
Lemma 4.1. Let E be a 9nite homogeneous e5ect algebra, let a∈At(E) and let f be
an event of (E). The following are equivalent:
(a) a occurs in f↑ \ f↓,
(b) a occurs in f \ f↓,
(c) a occurs in f↑ \ f .
Proof. (a)⇒ (b): a occurs in f↑ i! a occurs in f . (b)⇒ (c): a occurs in f \ f↓ i!
there exists n6 –(a) such that (a; n) 
∈ f . For every such n, (a; n)∈ f↑ \ f . (c)⇒ (a):
f↑ \ f ⊆ f↑ \ f↓.
Proposition 4.2. Let E be a 9nite homogeneous e5ect algebra, let f be an event of
(E).
⊕
f is sharp i5 f = f↓ = f↑.
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Proof. Note that f=f↓ i! f=f↑. Suppose that
⊕
f is sharp and f 
= f↑. Let (a; k)∈ f↑\f ,
so that a6 (
⊕
f)′. By de/nition of f↑, a occurs in f , hence a6 ⊕ f . This is a
contradiction with the sharpness of
⊕
f .
Suppose that f = f↑ and that
⊕
f is not sharp. There is an atom a such that a6⊕
f ; (
⊕
f)′. This is equivalent to a6
⊕
f6 a′. By the homogeneity of E, a occurs in
f . Since f=f↑ and a occurs in f , {(a; 1); : : : ; (a; –(a))} ⊆ f . Therefore, –(a)·a6⊕ f ⊥ a.
This is a contradiction.
Proposition 4.2 was (essentially) proved in [23] for the lattice ordered e!ect
algebras.
Proposition 4.3. Let E be a homogeneous e5ect algebra, let f ; g be events of (E)
such that
⊕
f =
⊕
g. Then
⊕
f↓ =
⊕
g↓ and every atom a which occurs in f \ f↓
occurs in g \ g↓.
Proof. By induction with respect to |f\f↓|. If |f\f↓|=0 then f=f↓ and there is nothing
to prove. Assume |f \ f↓|= n+ 1, n∈N0. Let (a; n)∈ f \ f↓. As a6
⊕
f =
⊕
g6 a′,
a occurs in g. Suppose that a occurs in g↓. Then –(a) · a6 ⊕ g↓ ⊥ a, which is
a contradiction. Thus, a occurs in g \ g↓, say (a; k)∈ g \ g↓. Put f1 = f \ {(a; n)},
g1 = g \ {(a; k)}. We have
⊕
f1 =
⊕
g1, f↓ = f
↓
1 , g
↓ = g↓1 . By induction hypothesis,⊕
f↓1 =
⊕
g↓1 . This completes the proof.
Proposition 4.4. Let E be a 9nite homogeneous e5ect algebra, let f be an event of
(E). Then
⊕
f↓ =
∨
([0;
⊕
f] ∩ ES).
Proof. Let x∈ [0;⊕ f]∩ES . Let g1; g2 be events of (E) such that ⊕ g1 = x, ⊕ g2 =
(
⊕
f) x. By Lemma 3.9, g1 ⊥ g2. By Proposition 4.3,
⊕
(g1∪˙g2)=
⊕
f implies that⊕
(g1∪˙g2)↓ =
⊕
f↓. Since
⊕
g1 ∈ES , g↓1 = g1. Thus, (g1∪˙g2)↓ = g↓1 ∪˙g↓2 . Therefore,
x =
⊕
g1 =
⊕
g↓16
⊕
f↓.
Corollary 4.5. Let E be a 9nite homogeneous e5ect algebra, let f be an event of
(E). Then
⊕
f↑ =
∧
([
⊕
f ; 1] ∩ ES).
Proof. Let t be a test of (E) such that f ⊆ t. Put g = t \ f↓. Since ⊕ t \ f↑ ∈ES ,
t \ f↑ ⊆ g↓. Suppose that t \ f↑ 
= g↓. Let a be an atom occurring in g↓ \ (t \ f↑). Since⊕
g↓ \ (t \ f↑)∈ES ,
{(a; 1); : : : ; (a; –(a))} ⊆
⊕
g↓ \ (t \ f↑) ⊆ f↑ \ f :
By Lemma 4.1, a occurs in f\f↓. This implies that –(a)·a ⊥ a, which is a contradiction.
Therefore, t \ f↑ = g↓.
Let x∈ [⊕ f ; 1] ∩ ES . We have
x′ ∈ [0; (
⊕
f)′] ∩ ES = [0;
⊕
g] ∩ ES:
By Proposition 4.4, x′6
⊕
g↓, hence x¿
⊕
g↓ =
⊕
f↑.
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Corollary 4.6. Let E be a 9nite homogeneous e5ect algebra. Let f be an event of
(E). Then
⊕
f↓ ∧⊕(f \ f↓) = 0.
Proof.
⊕
f↓ ∧ (⊕ f \ f↓)6⊕ f↓ ∧ (⊕ f↓)′ = 0.
Proposition 4.7. Let E be a 9nite homogeneous e5ect algebra and let f ; g be events
of (E). Then f ∼ g i5 f \ f↓ = g \ g↓ and ⊕ f↓ =⊕ g↓.
Proof. Suppose that f ∼ g. This implies that ⊕ f =⊕ g. By Corollary 4.4,⊕
f↓ =
∨
([0;
⊕
f] ∩ ES) =
∨
([0;
⊕
g] ∩ ES) =
⊕
g↓:
As f ∼ g, there are tests r; t of (E) such that r ⊇ f , t ⊇ g and r \ f = t \ g. Let
(a; n)∈ f \ f↓. By Lemma 4.1, a occurs in f↑ \ f . As f↑ \ f ⊆ r \ f = t \ g, a occurs
in t. Since t=t↑ and a occurs in t, (a; n)∈ t. Suppose that (a; n)∈ t\g. Then (a; n)∈ r\f .
However, this contradicts (a; n)∈ f \ f↓ ⊆ f . Thus, (a; n)∈ g. Suppose that (a; n)∈ g↓.
Then
–(a) · a6
⊕
g↓ =
⊕
f↓ ⊥
⊕
(f \ f↓)¿ a:
This is a contradiction, hence (a; n)∈ g \ g↓. We have proved that f ∼ g implies that
f \ f↓ ⊆ g \ g↓. By symmetry, we obtain f \ f↓ = g \ g↓.
Suppose that f \ f↓ = g \ g↓ and ⊕ f↓ =⊕ g↓. Since ⊕(f↑ \ f↓)∈ES , Proposition
4.2 implies that f↑ \ f↓ = (f↑ \ f↓)↑. By Lemma 4.1, an atom a occurs in f↑ \ f↓ i! a
occurs in f \ f↓ = g \ g↓. Therefore, f↑ \ f↓ = g↑ \ g↓. This implies that⊕
f↑ =
⊕
f↓ ⊕
⊕
f↑ \ f↓ =
⊕
g↓ ⊕
⊕
g↑ \ g↓ =
⊕
g↑:
Let h be any event of (E) such that
⊕
h = (
⊕
f↑)′. By the sharpness of
⊕
h, we
have h∩ f↑= h∩ g↑= ∅. By Lemma 3.8, f loc((f↑ \ f)∪˙h) and g loc((g↑ \ g)∪˙h). Thus,
f ∼ g.
Proposition 4.8. Let E be a 9nite homogeneous e5ect algebra. A ⊆ E is compatible
i5 −1E (A) is compatible.
Proof. Suppose that −1E (A) is compatible. Since every morphism preserves compatible
sets, A= E(−1E (A)) is compatible.
Conversely, suppose that A ⊆ E is compatible. Since E is homogeneous, there is a
block B ⊇ A of E. By Proposition 3.3, there is a unique atomic test t of E such that
B={⊕ f : f6 t}. Note that B={⊕ f : f ⊆ tS}. We have [g]∼ ∈−1E (B) i! there exists
f ⊆ tS such that
⊕
g =
⊕
f . It follows from Proposition 4.3 that
⊕
g↓ =
⊕
f↓. By
Proposition 4.7, g↓ ∼ f↓. Moreover, by Proposition 4.3, a occurs in f \ f↓ i! a occurs
in g \ g↓, hence g \ g↓ ⊆ tS . We have
g= g↓∪˙(g \ g↓) ∼ f↓∪˙(g \ g↓) ⊆ tS ;
hence [g]∼ is covered by the orthogonal word C = ([{(a; n)}]∼)(a;n)∈tS . Thus, C is an
orthogonal cover of −1E (B) ⊇ −1E (A) and −1E (A) is compatible.
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Corollary 4.9. Let E be a 9nite homogeneous e5ect algebra, let B be a block of E.
Then −1E (B) is a block of O(E).
Proof. By Proposition 4.8, −1E (B) is compatible. Let x∈O(E) be such that −1E (B)∪
{x} is compatible. Again, by Proposition 4.8, E(−1E (B)∪{x})=B∪{E(x)} is com-
patible. Since B is a maximal compatible subset of E, E(x)∈B. Therefore, x∈−1E (B)
and −1E (B) is a maximal compatible subset of O(E).
Corollary 4.10. Let E be a 9nite homogeneous e5ect algebra, let B be a block of
O(E). Then E(B) is a block of E.
Proof. Since B is compatible, E(B) is compatible. Since E is homogeneous, there is
a block B0 ⊇ E(B). By Corollary 4.9, −1E (B0) is a block of O(E). By the maximality
of B, B= −1E (B0) and we obtain E(B) = E(
−1
E (B0)) = B0.
Proposition 4.11. Let E be a 9nite homogeneous e5ect algebra, let f ; g be events of
(E). Then [g]∼6 [f]∼ i5⊕
g↓∪˙((g \ g↓) \ (f \ f↓))6
⊕
f↓:
Proof. ⇒: Suppose [g]∼6 [f]∼. There exists an event h such that [g]∼⊕ [h]∼=[f]∼.
Since (E) is algebraic, g ⊥ h and g∪˙h ∼ f . According to Proposition 4.7, g∪˙h ∼ f
implies that
⊕
f↓ =
⊕
(g∪˙h)↓ and f \ f↓ = (g∪˙h) \ (g∪˙h)↓. Since
((g \ g↓) \ (f \ f↓)) ∩ (f \ f↓) = ((g \ g↓) \ (f \ f↓)) ∩ ((g∪˙h) \ (g∪˙h)↓) = ∅;
we have
(g \ g↓) \ (f \ f↓) ⊆ (g∪˙h)↓:
Moreover, g↓ ⊆ (g∪˙h)↓ and g↓ ⊥ (g \ g↓) \ (f \ f↓). Hence, g↓∪˙((g \ g↓) \ (f \ f↓)) ⊆
(g∪˙h)↓ and ⊕ g↓∪˙((g \ g↓) \ (f \ f↓))6⊕(g∪˙h)↓ =⊕ f↓.
⇐: Suppose that⊕
g↓∪˙((g \ g↓) \ (f \ f↓))6
⊕
f↓:
By Proposition 4.4 and Corollary 4.5,⊕
[g↓∪˙((g \ g↓) \ (f \ f↓))]↑6
⊕
f↓:
By de/nition of ↑,
[g↓∪˙((g \ g↓) \ (f \ f↓))]↑ = g↓∪˙((g \ g↓) \ (f \ f↓))↑:
Let us write
h1 = ((g \ g↓) \ (f \ f↓))↑ \ ((g \ g↓) \ (f \ f↓)):
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We then have
g↓∪˙((g \ g↓) \ (f \ f↓))↑ = g↓∪˙h1∪˙((g \ g↓) \ (f \ f↓)):
Let h2 be any event of (E) such that⊕
h2 =
⊕
f↓ 
⊕
g↓∪˙((g \ g↓) \ (f \ f↓))↑:
By Lemma 3.9,
h2 ⊥ g↓∪˙[((g \ g↓) \ (f \ f↓))]↑:
By Proposition 4.7,⊕
g↓∪˙((g \ g↓) \ (f \ f↓))∪˙h1∪˙h2 =
⊕
f↓ ∈ES
implies that
g↓∪˙((g \ g↓) \ (f \ f↓))∪˙h1∪˙h2 ∼ f↓:
Since f↓ ⊥ (f \ f↓) and (E) is algebraic, (f \ f↓) ⊥ g↓∪˙((g \ g↓) \ (f \ f↓))∪˙h1∪˙h2
and we have
(f \ f↓)∪˙g↓∪˙((g \ g↓) \ (f \ f↓))∪˙h1∪˙h2 ∼ f↓∪˙(f \ f↓) = f :
Moreover,
g= g↓∪˙((g \ g↓) \ (f \ f↓))∪˙((g \ g↓) ∩ (f \ f↓))
⊆ g↓∪˙((g \ g↓) \ (f \ f↓))∪˙(f \ f↓):
Thus [g]∼6 [f]∼.
Proposition 4.12. Let E be a 9nite homogeneous e5ect algebra. Let f , g be events of
(E). Then [g]∼6 [f]∼ if and only if
⊕
g↓6
⊕
f↓ and for all (a; n)∈ g we have
a6
⊕
f↓ or (a; n)∈ f \ f↓.
Proof. (⇒): By Proposition 4.11.
(⇐): Let (a; n)∈ g↓∪˙((g \ g↓) \ (f \ f↓)). If (a; n)∈ g↓, then a6⊕ g↓6⊕ f↓. If
(a; n)∈ ((g \ g↓) \ (f \ f↓)), then (a; n) 
∈ f \ f↓ and hence a6⊕ g↓. Therefore, for all
(a; n)∈ g↓∪˙((g \ g↓) \ (f \ f↓)) we have a6⊕ f↓.
Let A={a1; : : : ; an} be the set of all atoms occurring in g↓∪˙((g\g↓)\ (f \ f↓)). Since
A is a compatible set, there exists a block B ⊇ A. Since B is a /nite MV-e!ect algebra,
B is isomorphic to a direct product of chains generated by elements of At(B) ⊇ A.
This implies that a1 ⊕ · · · ⊕ an = a1 ∨ · · · ∨ an.
Consider now the event a= {(a1; 1); : : : ; (an; 1)}. By the previous part of the proof,⊕
a6
⊕
f↓. Therefore,
⊕
a↑6
⊕
f↓. It remains to observe that
⊕
a↑¿ g↓∪˙((g\
g↓) \ (f \ f↓)).
Theorem 4.13. For every 9nite lattice ordered e5ect algebra E, O(E) is an ortho-
modular lattice.
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Proof. Recall that O(E) is an orthoalgebra. It remains to prove that O(E) is lattice
ordered. Let f , g be events of (E). Let u1 be any event of (E) satisfying
⊕
u1 =
(
⊕
f↓) ∧ (⊕ g↓). Let
u2 = (f \ f↓) ∩ (g \ g↓);
u3 = {(a; n)∈ f \ f↓: a6
⊕
g↓};
u4 = {(a; n)∈ g \ g↓: a6
⊕
f↓}:
We shall prove that the ui’s are mutually disjoint and that u := u1∪˙u2∪˙u3∪˙u4 is an
event of (E) such that [u]∼ = [f]∼ ∧ [g]∼. By Corollary 4.6, it is easy to check
that for every i 
= j, ⊕ ui ∧⊕ uj = 0 and hence ui ∩ uj = ∅. Moreover, ⊕ u1 ⊥⊕
u2 and, since
⊕
u1 ∧
⊕
u2 = 0,
⊕
u1 ∨
⊕
u2 =
⊕
u1 ⊕
⊕
u2. Similarly,
⊕
u3 ⊥⊕
u4 and
⊕
u3 ∨
⊕
u4 =
⊕
u3 ⊕
⊕
u4. Since
⊕
u16 (
⊕
u3)′ and
⊕
u26 (
⊕
u3)′,⊕
u1 ⊕
⊕
u2 =
⊕
u1 ∨
⊕
u26 (
⊕
u3)′. Similarly,
⊕
u1 ⊕
⊕
u26 (
⊕
u4)′, hence⊕
u1⊕
⊕
u26(
⊕
u3)′ ∧ (
⊕
u4)′ = (
⊕
u3 ∨
⊕
u4)′ = (
⊕
u3 ⊕
⊕
u4)′:
Thus,
⊕
u1⊕
⊕
u2⊕
⊕
u3⊕
⊕
u4 exists and, by Lemma 3.7, u= u1∪˙u2∪˙u3∪˙u4 is an
event of (E).
It is obvious that u1 ⊆ u↓. Assume that u↓ 
= u1. Then there exists an atom a such
that A = {(a; 1); : : : ; (a; –(a))} ⊆ u2∪˙u3∪˙u4. Suppose that A ⊆ u4. Since u4 ⊆ g \ g↓,
0¡
⊕
A6
⊕
g \ g↓. As ⊕A∈ES , this implies that ⊕ g↓¡⊕ g↓ ⊕⊕A∈ES ∩
[0;
⊕
g]. By Corollary 4.4, this implies that
⊕
A = 0; a contradiction. Similarly, the
assumption A ⊆ u2∪˙u3 leads to a contradiction. Therefore, there exist n; m such that
(a; n)∈ u2∪˙u3 and (a; m)∈ u4. However, this is a contradiction with
⊕
(f\f↓)∧⊕ f↓=0,
and we have proved that u↓ = u1. Thus,
⊕
u↓6
⊕
f↓;
⊕
g↓ and now it follows from
Proposition 4.12 that [u]∼6 [f]∼; [g]∼.
Let v be an event of (E) such that [v]∼6 [f]∼; [g]∼. We shall prove that [v]∼6
[u]∼. Since
⊕
v↓6
⊕
f↓;
⊕
g↓, we have⊕
v↓6
⊕
f↓ ∧
⊕
g↓ =
⊕
u1 =
⊕
u↓:
Let (a; n)∈ v. By Proposition 4.12, [v]∼6 [f]∼ implies that a6
⊕
f↓ or (a; n)∈ f \ f↓
and [v]∼6 [g]∼ implies that a6
⊕
g↓ or (a; n)∈ g \ g↓.
Thus, at least one of the following conditions must be satis/ed:
(A) a6
⊕
f↓ and a6
⊕
g↓,
(B) (a; n)∈ f \ f↓ and (a; n)∈ g \ g↓,
(C) (a; n)∈ f \ f↓ and a6⊕ g↓,
(D) (a; n)∈ g \ g↓ and a6⊕ f↓.
Now we see that
(A) implies that a6
⊕
f↓ ∧⊕ g↓6⊕ u↓,
(B) implies that (a; n)∈ u2,
(C) implies that (a; n)∈ u3, and
(D) implies that (a; n)∈ u4.
G. Jenca /Discrete Mathematics 272 (2003) 197–214 213
As u \ u↓ = u2∪˙u3∪˙u4, we see that a6
⊕
u↓ or (a; n)∈ u \ u↓. By Proposition 4.12,
[v]∼6 [u]∼.
5. Open problems
Let us close the paper with some open problems concerning /nite e!ect algebras.
Problem 1. Is there a 9nite e5ect algebra E such that there does not exist an or-
thoalgebra O and a surjective morphism  :O → E?
Problem 2. Prove or disprove: if E is a 9nite homogeneous e5ect algebra with a
lattice ordered O(E) then E is lattice ordered.
Problem 3. It is clear that for every e5ect algebra E and every closed interval [a; b]=
{x: a6 x6 b} ⊆ E, the mapping  : [a; b] → [a; b] given by  (x) = b  (x  a) is
an antitone bijection. Hence, every interval in an e5ect algebra is self-dual. Prove
or disprove: every 9nite bounded poset E in which every closed interval is self-dual
arises from an e5ect algebra.
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